Introduction
Throughout this paper, R represents an associative ring with identity. It is wellknown that R-modules are unitary right R-modules. Let M be an R-module, a module N is called M -generated, if there is an epimorphism M (I) → N for some index set I. If I is finite, then M is called finitely M -generated. In particular, a submodule N of M is called an M -cyclic submodule of M , if it is isomorphic to M L , for some submodule L of M . Hence, any M -cyclic submodule N of M can be considered as the image of an endomorphism of M [17] . An R-module M is called epi-retractable, if every submodule of M is a homomorphic image of M [6] . A submodule N of an R-module M is said to be a direct summand of the R-module M , if there exists a submodule L of M M = N ⊕ L [7] . It is well-known that every direct summand submodule is M -cyclic. A submodule N of an R-module M is said to be essential submodule of the R-module M , if N has non-zero intersection with every non-zero submodule of M . A non-zero R-module U is said to be uniform if every non-zero submodule of U is essential in U ( [7] ). We shall use ϑ(R) to stand for the set of all essential right ideals of the ring R. Given any R-module M , we set Z(M ) = {x ∈ M |xI = 0, for some I ∈ ϑ(R)}. An R-module M is said to be singular if Z(M ) = M . At the other extreme, we say M is non-singular if Z(M ) = 0 ( [7] ). An R-module M is said to be semisimple, if every submodule of M is direct summand ( [7] ).
Consider the following conditions for an R-module M :
An R-module M is called a CS-module or an extending module if M satisfies (C 1 ) [9] . A CS-module M which satisfies (C 2 )-condition is called continuous ( [9] ). Moreover a CS-module M which satisfies (C 3 )-condition is called quasi-continuous( [9] ). Let M and N be two R-modules. Then N is called M -injective, if for every submodule A of M , any R-homomorphism from A to N can be extended to an [16] also studied the notion of quasi-principally-injective modules for some relevant properties. In this paper, we shall investigate some aspects of the notion of quasi-pseudo principally injectivity (in short, quasi-pp-injective module). Let M and N be two right R-modules. M is said to be pseudo principally-N - Remark 1. We have the following immediate results:
(1) Every pseudo-injective module is pseudo-principally-injective (of course, these two notions coincide for epi-retractable R-modules).
Main Results and Discussion
In this section, we shall discuss and prove our main results. As a consequence we derive the following result.
Using this results we can conclude that if R R is self-similar and semi-simple, then the ring R is self-pseudo principally injective (self-pseudo-p-injective). Proposition 2.6 [4] . Every quasi-pp-injective module satisfies C 2 . Quasi-pp-injectivity is not closed under direct sum, as we see in the following:
easy to see that the right R-modules A and B are quasi-pp-injective (in fact they are quasi-injective). However R = A ⊕ B is not quasi-pp-injective, since otherwise R satisfies (C 2 ) by proposition 2.6., but A is isomorphic to C and C is not a direct sum in R. However in case direct summand we have the following result. Proposition 2.7. Every direct summand of a quasi-pp-injective (respectively pseudop-injective) R-module is quasi-pp-injective (respectively pseudo-p-injective). Theorem 2.8. The following statements are equivalent for quasi-pp-injective Rmodule M .
(1) M is continuous.
(2) M is quasi-continuous.
We now explore more properties of quasi-pp-injective modules. (1) M is injective.
(2) M is pseudo principally N -injective, for each R-module N .
Proof: (1) =⇒ (2) is obvious. Han and Chol [3] established that every pseudo principally injective module is a direct injective and every direct injective module is divisible. In this connection we have the following result which is also hold for quasi-pp-injective modules. Proposition 2.14. Every pseudo-principally injective module is divisible. In the following we show that the distinction between quasi-pp-injectivity and divisibility vanishes over Dedekind domain. Rotmann [12] (Theorem 4.24) recall that a domain R is Dedekind ring if every divisible R-module is injective. We now provide a characterization of Dedekind rings in terms of quasi-pp-injective modules. Proposition 2.15. The following statements are equivalent for a ring R.
(1) R is Dedekind domain;
(2) Every divisible R-module is quasi-pp-injective. (1) R is Noetherian ring;
(2) Every F -injective R-module is injective;
(3) Every F -injective R-module is quasi-pp-injective.
Proof: (1) =⇒ (2) and (2) (2) =⇒ (1): Assume (2). Since any direct sum of F -injective R-modules is Finjective, by (2) any direct sum of injective R-modules is injective. Therefore by ( [12] , P. 82), R is Noetherian.
